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Mark schemes are prepared by the Lead Assessment Writer and considered, together with the relevant
questions, by a panel of subject teachers. This mark scheme includes any amendments made at the
standardisation events which all associates participate in and is the scheme which was used by them in
this examination. The standardisation process ensures that the mark scheme covers the students’
responses to questions and that every associate understands and applies it in the same correct way.
As preparation for standardisation each associate analyses a number of students’ scripts. Alternative
answers not already covered by the mark scheme are discussed and legislated for. If, after the
standardisation process, associates encounter unusual answers which have not been raised they are
required to refer these to the Lead Examiner.

It must be stressed that a mark scheme is a working document, in many cases further developed and
expanded on the basis of students’ reactions to a particular paper. Assumptions about future mark
schemes on the basis of one year’'s document should be avoided; whilst the guiding principles of
assessment remain constant, details will change, depending on the content of a particular examination
paper.

Further copies of this mark scheme are available from www.oxfordaga.com
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Key to mark scheme abbreviations

M Mark is for method
m Mark is dependent on one or more M marks and is for method
A Mark is dependent on M or m marks and is for accuracy
B Mark is independent of M or m marks and is for method and accuracy
E Mark is for explanation
Jor ft Follow through from previous incorrect result
CAO Correct answer only
CSO Correct solution only
AWFW Anything which falls within
AWRT Anything which rounds to
ACF Any correct form
AG Answer given
SC Special case
oe Or equivalent
A2,1 2 or 1 (or 0) accuracy marks
-x EE Deduct x marks for each error
NMS No method shown
PI Possibly implied
SCA Substantially correct approach
sf Significant figure(s)
dp Decimal place(s)

ISW Ignore subsequent working
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Answer Marks Comments

When n=1

u, =2x1 +5x1-2=5 B1 Correct work to show formula is true

[So formula is true n=1] for n=1

Assume formula is true for n =k (*)

So Assumes formula is true for n =k and

k2 5k — 2\ dfe 17 M1 considers

s = (257 +5k =2) + 4k + gy = (2K +5k—2)+ 4k +7

U, = 2(k2 Y +1) +5(k+1)-2 Must see an intermediate line of
working.

Uy =2(k+1)" +5(k+1)-2 A1 Must be convincingly shown

_ Must have (*), (**), (***) present,

As formula is true for n =1 (**) previous 3 marks awarded and a final

And if true n=k then statement (****). Clearly indicating

true for n=k+1 (***) E1 that it relates to positive integers

Hence by induction u, = 2n* +5n—2 true n>1 by induction

for all integers n>1 (****) Must have stated “u, =2n° +5n-2"
at least once in the conclusion.

Question 1 Total 4
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Q Answer Marks Comments
. 2
2(a) The integrand or (1+x )Inx Eq oe
is not defined at x=0
1
Q Answer Marks Comments
2(b) J'1(1+x2) In x dx Evidence of limit O having been
0 E1 replaced by a (oe, but NOT x) at
=lim 1(1 + xz) Inxdx any stage and lir% seen or taken
a—>0da a—
1 1
= £i£13{[(x+%x3)ln x]a —L(1+%x2)dx} M1 Integration by parts
. 1
:}ll_r)%{—(a+%a3)lna—[x+%x3]a}
) s s Fully integrated correctly with limits
= }g%{—alna —3a’lna-P+a+5a } A1 correctly substituted, lower limit
not = 0
Standard limit results stated in
Now general form ling{a" Ina} =0
. (s E1 ‘H
}}Ec}{alna}zo and }}E&{a Ina}:O orfor k=1and k=3
Hence
1
J. (1 + xz) Inxdx
0
10 . .
= _3 A1 EO M1 A1 EO A1 is possible
5
Question 2 Total 6




MARK SCHEME — INTERNATIONAL A-LEVEL FURTHER MATHEMATICS - FM03 — JANUARY 2026

Q Answer Marks Comments
3(a) {% e —e )}2 Uses correct exponential definitions
1-tanh®x=1- 5 M1 of sinhx and coshx or tanhx to
2(¢’ +eﬂ)} write LHS in exponential form
2 2
He"+e™ )t —{t(e"—e™
1 tanhzxz{z( )} {2( > )}
{%(e" +e" )}
] he %(ez‘+2+e ZX)—%(CZX 2+e’2x)
~tanhx= {1(ex +efx)}2 AG Must be convincingly shown,
2 including clear simplification of
___ i+i = ! . A1 numerator. Must include 1—tanh?x
{#er+e)p coshix and sech’x
=sech’x
2
Q Answer Marks Comments
3(b) 2(1 — tanhzx) =1-tanhx B1 Correct use of identity from part (a) PI
Forms three term quadratic equation in
) tanhxor
2tanh”x—tanh.x—1=0 M1 | 2(1-tanhy)(1+ tanhx) =1 tanhx
Pl correct solutions
1
tanhx=1 or tanhx = —-- A1 Corre.ct values for tanhx from correct
2 equation. Must see both.
tanhx#1 as —-1<tanhx<1 E1ft Clear rejection of their tanhx =1
1
x=tanh™ (——j
2
Correct solution ACF
x=-—=In(3) A1
B1 M1 A0 EO A1 is possible
5
Question 3 Total 7
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Q Answer Marks Comments
a@) | (1) =(r=1)7 7 =0 (4377 +3r 41) M1 Correct expansion of brackets
—(r3 - 372 +3r—1)r3
=6r°+2° A1 Correct result. Must have
I (r + 1)3 —(r —'I)3 2, 6r° +2r° and
at least one line of intermediate
working.
2
Q Answer Marks Comments
4(b) S, =Z{r3 (r+1)3 —(r—1)3 r3}
r=1
— P —0%x T
+2%%3% - Px®.
. M1 Uses method of differences showing
: the first and last lines and at least one
3 3 3 1 3 other line so that a pair of values
+ (” - - (” - = which cancel are seen
+n® (n+'l)3 — (n— *n®
3
=n° (n + 1) A1 Correct answer
u 1 m1 4 1
6Zr5 =n’(n+ 1)3 —2><Zn2 (n+ 1)2 Correct use of Zr3 = an (n+ 1)2
r=1 =1
and their S, to obtain an equation
for er
r=1
05 = 2 (12 20 (n 1) -1 202
Z_;” 12" (n+1) { n(n+1) } m1 Correctly factorises out n” (n+1)
Z P = %nz (n+ 1)2 (2n2 +2n— 1) A1 Correct result from correct working
r=1
5
Question 4 Total 7
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Q Answer Marks Comments
dy 1 d
5(a) o= B1 Correct expression for L4
dr  x? -1 ’ dx
2
1+(%j =1+ 21 . q
o Squaring Y and simplifying
2 dx
x“=1+1 M1
- 2 dv ) 2
X1 1+ 2| to
2 dx x2 —1
| x
x? -1
2
1+(d_yj -7 A1 AG Must be convincingly shown
dx x? -1
3
Q Answer Marks Comments
5(a) coshy=x | a
ALT dy 1 B1 Correct expression for —
= dx
dx sinhy
2
1+ L 1+ — 12
dx sinh® y
)
= w Squaring d_y and simplifying
sinh” y dx
W dy )’ h?
[ cosh®y 1+(_yj o SOy
cosh? y—1 dx cosh® y—1
_coshy
\Jcosh? y—1
1+(d—yj2 L A1 AG Must be convincingly shown
dx \Vx? -1
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Q Answer Marks Comments
3 . .
5(b) S :27tJ-c0sh*1 X dx B1 Correct integrand, with 27, dx and
/ %=1 correct limits. All seen here
1 dv X
u=cosh™ x o 2 1 Selects integration by parts to
x f—
M1 -1 X
1 calculate |cosh™ x dx
du 1 v:(x2—1)2 I NEa
dx x? -1
( : Obtains correct result of integrating
1 x2—1)2
cosh™ x dx=(x?*-1)2cosh™ x — | ——-dx -1 X
I 21 ( )1 J NE A1 jcosh X m dx by parts.
—(x%2_1)2 h'x—
(e 1)F cosh x-x No limits needed at this stage
- 1 3
S=2n (x2 —1)2 cosh ' x—x
L 1 Substitutes correct limits into their
r M1 expression of the form
=2m(8)2 cosh"13—3+1J s o4 »
L a(x —1)2 cosh™ x+bx
~ 27| 2/2in(3+2:2)-2]|
S=4n \/§|n<3 + 2&)—1} A1 oe exact form
5
Question 5 Total 8
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Q Answer Marks Comments
G(a) —3 —8 ——5
5| +|-2| + 3 B1 Obtains two of the three vectors
- ) > 3 > ” connecting A, Band C
-31 [-87 [-13 M1 Takes the cross product of their
n—| -5 x| -2 1 direction vectors.
1 = _— -_ =
1 3] |34 A1 oe Correct n,
-13 5
d=l 1 le| 4 |27 M1 Uses a point A, B or C and their n, to
a4l |2 obtain d
oe Correct Cartesian equation of
—13x+y-34z=7 A1 plane TT,
5
Q Answer Marks Comments
6(b) Finds a numerical expression for the
_137 -2 scalar product of n, and their n,
Alternative
—34] L1 1|e| -3 |=-26+3+34[=+11]
34 1
n, = V132 +17 +34% ={1326
n,=v22+32+1 =14
-1 :
cosfd =———=-0.08073408 A1ft ft their n, only.
1326 V14 Alternative above gives +0.08073408
0=946[3...] Must see 94.6[3...] or 85.3[7...]
(from Alternative) to gain last mark
So acute angle between
IT, and II, is
=85° Nearest degree A1 AG
3
Question 6 Total 8

10
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Q Answer Marks Comments
dy X
7(a) —— =x+1
dr  x*+ 7
d |.F. identified and integration
—1 1
Eis Ix2+1 _ n(x +) M1 attempted
1
=7 A1 Correct |.F.
x°+1
1 dy X y x+1
2 ~y=
x2+1dx (x2+1)5 Vx?+1
x4+ Multiplying both sides of the
—I m1 differential equation by their I.F. and
\/x +1 \/x +1 integrating LHS to get y xI.F.
Splits RHS integrand into form
x+1 1 2x N 1 M f’( ) y
- X
Vx2 41 235241 Jx? +1 — =t
f(x) f(x)
y =
x?+1
241 A1 Integrates ———— to get \/x” +1
VX% +1
Integrates L to get sinh™
X
VX% +1
+sinh™ A1 [
* or |n(x+ x2+1)
Condone lack of +c
Correct GS ACF, must be f(x)=
f(x):(x2 +1)+\/x2 +1(Sinh_1x+cj A1 €9

f(x):(x2+1)+m(ln(x+m)+cj

11
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Q Answer Marks Comments
7(b) 4 =1 +1<Sinh—10 n C) Substituting x = 0 and f(x) =4 into
M1 their GS (with a constant of
c=3 integration) to find a value of ¢
Correct PS ACF, mustbe y =...
v =(x+1)+4/x? +1(sinh "x +3) A1 | E9
y =(x2 +1)+\/x2 +1(In(x+\/x2 +1)+3)
2
Question 7 Total 9

12
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Q Answer Marks Comments
s(a)(l) |M|:1(—3k—2—4k—6)
—4(6k +4+2k +3)—1(4-1) M1 Obtains a linear expression for M|
=-394£ -39
k#-1 A1 Correct restriction on &
2
Q Answer Marks Comments
8(a)(ii) Cofactor matrix
—7k-8 -8k-7 3 M1 At least three entries correct
-12k-10  3k+1 6 A1 At least six entries correct
8k+11 -2k-5 -9
A1 All nine entries correct
Inverse matrix M~
M1 Transpose of their cofactors with no
Tk+8 12k+10 -8k -11 more than one further slip and
M= |8k+7 —3k-1 2k+5 division by their [M| in terms of &
39(k+1)
-3 6 9
AM Correct M

13
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Q Answer Marks Comments

Tk+8 12k+10 -8k-11}|0

8(b
(b) = 1 8k+7 -3k-1 2k+5 ||2
39(k+1) 3 5 9 3
0
M1: Multiplies their M~ onto | 2 | to
. [24k+20-24k-33 3
=—| —-6k-2+6k+15
JZ/ 39(k+1) 12::27+ M1 A1ft form a single unsimplified vector.

A1ft: At least 2 entries correct for
their M~

1 1 1

3(k+1)’ y 3k 1)’ Z=0 A1 ACF Correct and fully simplified

Question 8 Total 10

14
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Q Answer Marks Comments
9a)i) |[a+B=] = B1 Correct value
1
Q Answer Marks Comments
9a)(ii) | [ap=] 2 B1 Correct value
1
Q Answer Marks Comments
9(b)(i) , M1 Use of a® + 8% =(a +ﬂ)2 —2a3 with
o’ +/32 = (05 + ) —20f their values substituted in.
2
= (ij —-2%x2 AG Must be convincingly shown.
2 Correct value from correct working.
33 A1
= Must have o’ + 37, 34—3 and at least
one line of intermediate working.
2
Q Answer Marks Comments
9(b)(ii) Writing o® + ° in terms of o +
s s and a3, fully correct.
a’+p° =(a+ -3af(a+ M1
P ( ﬂ) ﬂ( 'B) Condone
o+ =(a+p)(a’+p* -ap)
(=T ’ 352 -7 1 Substituting their values into their
Tl ) TV m equation, in terms of o+ £ and af .
=175 .
= T A1 Correct value from correct working.

15
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Q Answer Marks Comments
9(c) _—'=a3+ﬂ3+2(a+ﬂ) M1 Writing '+ 8'in terms of a° + ° and
a4 a + f, fully correct.
=175 [—7]
=—42| —
8 2
= ﬂ A1 Correct value
8
Writing a* + * in terms of o + 7 ,
a+ f and af, fully correct.
a4+ﬂ4=(a+ﬂ)4_4(“5)(“2+'B2)_6(“ﬁ)2 M1 Alternative
a*+pt = (a2 + )2 —2(05,6’)2 , fully
correct
Substituting their values into the
7\ equation, in terms of a+ £ and af
at+ B {77) —4(2)(:34—3j—6(2)2 m1 33y’
Alternative a* + B* = (Tj —2(2)2
4 oa 961 .
+p =16 A1 Correct value from correct working
' . T 4 4
C—:(aﬂ)3+2(0£4+,34)+4(a,3) M1 Writinge' 'in terms of o™ + 4 and
a' af, fully correct.
:(2)3 +2(@j+4(2) m1 Substituting their values into the
16 equation, in terms of a* + #* and af
_ 1089 A1 Correct value from correct working
8
2 _ Correct equation with integer
8x°+231x+1089=0 A1 coefficients
9
Question 9 Total 16

16
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Q Answer Marks Comments
10 | Aux. equation 2m? +5m+3=0; m=-1, 23 M1 Forming and solving the
2 correct aux. equation
PI
-3x
yop = Ae "+ B e 2 A1 Correct CF
yp = axe * +be** B1
+ccosx+d sinx B1
Vo = axe ™ +bhe*
Vo =ae ¥ —axe™ +2be*
Vo4 =-2ae" +axe™ +4b e?*
Their y* and y" or y’
_ X X 2x PI-1 PI-1 PI-2
2( 2ae axe " +4be ) M1 and y;I ) substituted into the
- - 2x -

+5(ae Y _axe™ +2be ) differential equation
+3(axe‘x +b ez’“)
=4e ™ +7e*

1
a=4 ; 2Wb=T=b=—

3
Vpp = c€COSX+d sinx
Vprp = —csinx+dcosx
Vpp = —ccosx—d sinx
2(—ccos x—d sinx)
+5(-csinx+d cos x)
+3(+ccos x+d sin x)
=26cosx

_ . _ Forms a pair of simultaneous
c+5d=26 ; —5c¢+d=0 M1 equations for their y,,,
_1.45 Atleasttwoof a,b,c,d
—c=ha= A1 correct.
1 .
Vo =4xe + 3 e** +cos x +5sinx A1 Correct particular integral
=3 1

[ Vs =]Ae™+Be 2 +4xe™ +§ezx +cos x +5sin x B1ft | Their CF + their Pl with

exactly two arbitrary
constants

17
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When x=0, y=% = A+B= -1

When x=0, d—y=g = A+§B:9
dx 3 2

= A=-21;B=20

-3x

f(x) =21 ¥+20e 2 +4xe™” +;e2x +cos x +5sinx

A1

A1

Either 4A=-21 or B=20

Must be f(x)=...

11

Question 10 Total

11

18
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Q Answer Marks Comments
A
1 1 V6 Correct equation for line L,
r=|2 |+ul# B1 PI Correct components substituted
2 W into equation of the plane
N
L, Substituting components of their L,
M1 orL, into equation of the plane and
3(1+4)-4(2-2)+(-2-4)=3 2
( Jg) ( ﬁ) ( Jg) attempting to solve.
=6 A1 Correct value of u or A
1 % 2 C t positi tor (
: 2l orrect position vector (or
Q=il 2 |+V6 v ([ 0 Alft coordinates) of Q ft their 1 and r,
-2 = _
N 3
Substituting components of their L,
Lo (M1) orL, into equation of the plane and
3(1+22)-4(2+4)+(-2+34)=3 attempting to solve. Can only score
once.
1=9 (A1) Correct value of y or 4
Can only score once.
1 2 5
R=<2 |+2|1|;=|4 A1 CAO

19
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1 4 3
A1l Y= 5 _ Two correct directional vectors
Pa=|-2| . [PR=] 2| . [OR-]4|| B | GRE0TR
-1 6 7
Cross product of their directional
1 4 -10 vectors.
PQxPR =|-2 |x|2|=]-10 M1 Or scalar product of their directional
11 16 10 vectors COSQOPR = _—\/E
14
1 2 2 5 M1 Uses correct formula for area of a
Area = E\/(_1 0)"+(-10)"+10 triangle with their cross product.
Or %‘%Hﬁ‘sinQPR =%\/§xﬁx\/§
but sinQPR MUST be exact,
. /25
SINOPR =, [—
© 28
Area = 5\/5 A1 AG Must be convincingly shown.
9
Question 11 Total 9

20
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Q Answer Marks Comments
o . a Explicitly uses de Moivre’s theorem
12(a)| cos 46 +isin 46 =(cos & +isin 6) and correctly expands
=cos* @ +idcos® @ sin & —6cos? O sin® 0 M1 (cos @+isin 9)4
—idcos O sin® O +sin* O Pl correct real part of the
expansion
cos 40 = cos* 8 —6cos? 9 sin® +sin* 9
Equates real parts and uses
_ 4 2 2 2 5\2 q p
cos 40 =cos* 6 —6cos’ 0 (1-cos® 0)+(1-cos’ 0) M1 | ey 1 cos?
cos 460 = cos* 8 —6cos? §+6¢cos* +1-2cos? §+cos* Must see this line oe
AG Must be convincingly shown
. ) using de Moivre’s theorem,
cos 40 =8cos” @ —-8cos” @ +1 A1 inc|uding starting with
cos 40 +isin 40 = (cos 0 +isin 6)’
3
Q Answer Marks Comments
4o 3% 5n Tn
2 2 2 2
022’3195_7137_71 B1 Finding the values of &
8 8 8 8
Let
Showing the link to the quadratic in
x=cosé o
M1 X
. Pl correct roots
8x*-8x*+1=0
Where

(7))
x=cos| — |,cos| —
8 8

(5 el
,Cos| — |, cos
8

14

8

)

A1

If MOMOAO
SC1 for verifying € :g gives
cos46=0

21
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Q Answer Marks Comments
12()() | apys ==
a
(5 )==(%)
cos| — |xcos| —
8 8 M1 Uses affyo ©
[04 g
(571} (77:) 1 =y
XCOS| — [XCOS| — |=—
8 8 8
(5)-==(3)
COS| — |=—-CO0S| —
8 8
and M1
(5n) (3n)
CosS| — |=—-CcoSs| —
8 8
(5 )5
cos g x COS ?
Must see this line oe
(5
x| —cos| — | | x| —cos| — —
8 8
NE (3} 1 .
cos 3 cos 3738 A1 AG Must be convincingly shown

22
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Q Answer Marks Comments
12(c)(ii) 2 2442 or 2= 2-2 MA Solves the quadratic in x* stating
T4 T4 BOTH solutions of x?
Now
2—+/2
cos s cos 2T -0 Justifies the rejection of x* = T\/—
8 8
m1 by considering relative values of
T 3n
cos—,cos—and0
cosz T o2+ V2 8 8
8 4
Now
- I 2+4/2
T 7 Justifies the rejection of x =—
cos—>0>cos— 4
8 8 A1 by considering relative values of
T n
cos—,0andcos —
2442 8 - 8
COS -~ = 4 AG Must be convincingly shown
3
Question 12 Total 12

23
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Q Answer Marks Comments
13(a) | y=sechx=
coshx
Oxcoshx)—1xsinh

(d_y :j ( . x) j al M1 oe

dx (coshx)

dy —sinhx AG Must be convincingly shown,
2 -

dx cosh”x A1 including Y and —sechx tanhx

=—sechxtanhx dx
2
Q Answer Marks Comments
13(p) | Asinh0-2_ o
coshd
Equating C, & C,
4sinh@ -2 = cosh’d =1+ sinh’@ M1 and use of cosh?d =1+sinh?0 to
obtain an equation in only sinh@

0 =sinh’6—4sinh@+3

, _ Forming a quadratic in sinhé
sinh6 =1,3 Al and solving to get sinh@ =1,3

1 ¢ 4sinhe -2’
=—||————— | dé
4 2 -[ ( coshé j 1
or B1 Use of E-[rz [d6] for either part
A, = 1J‘c:oshzede
2
A4, = kj(Stanhze —8tanh@sechd + 23ech20)d9 M1
4, = k[ (8—-8sech’0—8tanhgsech 0 + 2sech’d) dg , ,
M1 Use of tanh“d =1-sech®d

= kj(8 —6sech?d —8tanhdsech H)de

24
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A, =k(80—6tanh@ +8sechd) A1

=k[8|n(3+ﬂ)—6x 3

8 1 8
75t o 8In(1+\/—)+6x\/_ )

2 2

4,=8In 3+4/10 -J10-+2 A1
1++/2
P Use of cosh?d = %(1 +cosh26)
4, =ZI(1+cosh20)d9 M1 ]
or cosh?d = —(e” re?y 2)
4
_ k 1 . k 20 20
—Z(0+§smh24] A1 a—6-(e —e?+40)
k .
:Z(0+smh @coshd)

:g(ln(3+\/ﬁ)+3\/ﬁ—ln(1+\/§)—\/§)

y 1 3+4/10 3@_@ A1
2_4 14+/2 4 4
R=A -4,
34410 3+410) 310 2
=8 ( +IJ V1024 '(nf]_T*T

A1 AG Must be convincingly shown

. | 3+V10 ) 7410 342
4 1442 4 4

11

Question 13 Total 13

25




