O XFORD[IXeIN

INTERNATIONAL QUALIFICATIONS

INTERNATIONAL A-LEVEL
FURTHER MATHEMATICS

FMO03
(9665/FM03) Unit FP2 Pure Mathematics

Mark scheme

January 2025

Version: Final 1.0

251X FMO3/ MS



MARK SCHEME — INTERNATIONAL A-LEVEL FURTHER MATHEMATICS - FM03 — JANUARY 2025

Mark schemes are prepared by the Lead Assessment Writer and considered, together with the relevant
questions, by a panel of subject teachers. This mark scheme includes any amendments made at the
standardisation events which all associates participate in and is the scheme which was used by them in
this examination. The standardisation process ensures that the mark scheme covers the students’
responses to questions and that every associate understands and applies it in the same correct way.
As preparation for standardisation each associate analyses a number of students’ scripts. Alternative
answers not already covered by the mark scheme are discussed and legislated for. If, after the
standardisation process, associates encounter unusual answers which have not been raised they are
required to refer these to the Lead Examiner.

It must be stressed that a mark scheme is a working document, in many cases further developed and
expanded on the basis of students’ reactions to a particular paper. Assumptions about future mark
schemes on the basis of one year’'s document should be avoided; whilst the guiding principles of
assessment remain constant, details will change, depending on the content of a particular examination
paper.
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Key to mark scheme abbreviations

M Mark is for method
m Mark is dependent on one or more M marks and is for method
A Mark is dependent on M or m marks and is for accuracy
B Mark is independent of M or m marks and is for method and accuracy
E Mark is for explanation
Jor ft Follow through from previous incorrect result
CAO Correct answer only
CSO Correct solution only
AWFW Anything which falls within
AWRT Anything which rounds to
ACF Any correct form
AG Answer given
SC Special case
oe Or equivalent
A2,1 2 or 1 (or 0) accuracy marks
-x EE Deduct x marks for each error
NMS No method shown
PI Possibly implied
SCA Substantially correct approach
sf Significant figure(s)
dp Decimal place(s)

ISW Ignore subsequent working
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Q Answer Marks Comments
1 k+1 3 k+2
— — — Obtains three non-coplanar direction
B=| 2 , AC=|3 AD=| -1 B1 —_— —
) 1 3 vectors, eg AB, AC and AD
- ket 3 k+2 Calculates scalar triple product of
ABXxACeAD=| 2 |X|3|e| —1 M1 their three direction vectors. Do not
1 3 accept position vectors
1 k+2
ABXACeAD=|—k+2|e| —1 A1 Correct vector product
| 3k -3 | 3
— o == Correct scalar triple product.
AB*ACeAD =9k -13 Al Do not accept in vector form
9% -13=4
17 9k —-13=-4 M1 Their scalar triple product = (+)4
= ry k=1 A1 Correct values of k
Question 1 Total 6
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Q Answer Marks Comments

Uses correct expressions for

2(a) 2. iy 2 T ol (1 ol coshx and sinhx to simplify
cosh?x —sinh®x = —(e +e ) - —(e —e ) M1 ) )
2 2 cosh®x —sinh“x
= 1(e2x +2+ e—Zx)_l(er 2+ e—2x) Correct working to required
4 A1 answer AG
— Must include the LHS, at least two
intermediate steps, and the RHS
2
Q Answer Marks Comments
C t f identity fi
2(b) cosh?x —1—coshx—5=0 M1 orrect use of identity from

part (a)

Forms three term quadratic
cosh’x —coshx—6=0 M1 equation in coshx
Pl Correct solution(s)

Correct answers from correct

coshx =3 or coshx=-2 Al quadratic. Must see both.

coshx # -2 [as coshx>1] E1 Rejection of coshx = —2

x = +cosh™" (3)

Both correct solutions and no
others, ACF

x=|n(3i\/§) A1 Eg x—iln(3+\/§)
Must score

M1M1A1 to get final A1

Can score BIM1A1EOA1

Question 2 Total 7
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Q Answer Marks Comments
-1 . -
R"=|0 cosf sinf B1 Obtains correct matrix for R™’
0 -sind cos#
A=BR™’
0 cosd —sind11 0 0 i Correct method to fi?d A, by right
_ . multiplication by R™ ', can be
A=1 0 0 0 cosf sind algebraic
10 sinf cosO ||0 —sinf cosf
[0 cos?6+sin%0 0
A=|1 0 0
0 0 cos?6 +sin%0
0 1 0
A=1100 A1 Correct result including conclusion
[0 0 1 that A is independent of 6
A is independent of 6
3
Q Answer Marks Comments
3(b) Reflection M1 Reflection
in y=Xx plane A1 Correct plane
SC1 for ‘reflect’ or ‘reflected’ or
‘reflects’ in y = x plane
2
Question 3 Total 5
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Q Answer Marks Comments
The integrand is not defined at
4(a) 42 E1 oe
x=2
1
Q Answer Marks Comments
1 L . . . .
4(b) J’ dx = sin”! (fj B1 C_)o!'rect integration, with or without
V4 —x? 2 limits
2 a
1 dx = lim J‘ 1 dx Evidence of limit 2 replaced by a and
0 V4 —x? a2, /4 _ x? limit taken somewhere oe
a M1 lim seen at any stage
T L X a—>2
= J'an[s'n (Eﬂo Do not accept the limit as x
2 1 a
dx = lim | sin”" (—j —sin”" (0)
1 A1 Correct with limiting process clearly
=sin"' (1) shown. Do not accept 90°
= E
2
3
Question 4 Total 4
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Answer Marks Comments
f(1)=7"+11 =60[= 4x15]
B1
[True for n=1]
n=k+1
Assume true n==Fk (*) f(k)=7k+1+11k =4M
k+1 k
k k+1 , . M1 77 =4M 11" (1)
I:/I:;{kesdf;\; o7rk+71 (I)the subject of an equation eg Do not condone
M= f(k+1)+pf(k #1
or qf(k+1)+pf(k) q
Considers f(k+1)+pf(k)=...
f(k+1) =72 411"
= 7k+2 +11(4M —7“1)
M1
or
Rearranges to get f(k+1)=...— pf (k)
Shows that f(k+1) is a multiple of
4
_ k1
f(k+1)=ac0rrect function that is a multiple of 4 A1 Eq f(k+1)_4X11M+7 (7_11)
=411 -7")
Must include f(k+1)=
Hence true for n=k+1 (**) Must have (*), (**), (***) present,
and since true for n=1 (***) previous 4 marks scored and a final
. ) . . E1 statement (****) clearly indicating
By induction f (1) is a multiple of 4 for all that it relates to all integers 7> 1
integers 121 (****) and induction
Question 5 Total 5
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Q Answer Marks Comments
(r+1 (-
=0 4+5:4 11072 +1072 + 57 +1 Correct result from correct working,
6(a) B1 AG. Must have LHS, RHS and at

—(r5 —5¢% +10r° — 1042 +5r—1)

=10r* +20r% +2

least one line of intermediate working
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Q Answer Marks Comments
< 5 5
6b) | 5, =>{(r+1)° ~(r—1)}
r=1
- >5\ 0°
+§{ 1°
+2\—>\
\]\)\ \?Q\ Uses method of differences showing
M1 the first and last lines and at least two
+ \@\ other lines so that a pair of values
n’® - (n B which cancel are seen
5 5
+(n+1)" = (n A1 Correct answer
=n° +(n+1)5 -1
States or uses
n
Zrz :1n(n+1)(2n+1)
=0 B1
and
n
1=n
r=1
n 5 n 2 n
10> 74 =n° +(n+1) -1 Use of >_r?, > 1 and their S, to
=1 m1 r=1 r=1 i
—ZOX%n(n +1)(2n+1)-2n obtain an equation for Zr4
r=1
n
10> 7* =2n° +5n" +10n° +10n* +3n ,
. m1 | Y 1 and their S, simplified
—20><%n(n+1)(2n+1) "
n
4 _ 3 2
10;r B n(n+1)(2n +3n +7n+3) 1 Attempts to factorise out n(n+1) or
m
—%n(n+1)(2n+1) n(2n+1) or (n+1)(2n+1)
n
Zr4 = 3i (n+1)(2n+ 1)(3712 +3n —1) A1 Correct result from correct working
r=1
7
Question 6 Total 8

10
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Q Answer Marks Comments
7| Area=[s2(1+tand)sec’0 11c,2 -
rea 2I0 (1+tand)sec EIO r*d@ used with correct
(e 4 z 4 B1 integrand, correct limits and do. All
—IO sec 0d9+IO tanfsec”0do seen here
jgsec"'e do = Ig(1 + tan29)8e020 de
0 0 . . 4
M1 Valid method to integrate sec™d

Area =

Area =

= Og(secze + tan203ec20) do

_[E tanfsec*0 do = J.E (tangsect) sec30do
0 0

_ n
6
tan9+1tan30+lsec40}
. 3 4 0
- 3 4
V3 A3} (23 1
3 31 3 4\ 3 4
_ 21+4043

108

M1

A1

A1

Valid method to integrate
tandsec*d

Integrates to obtain
ptand + gtan®0 + rsec’o

Can score B0 M1M1A1A1

11
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Q Answer Marks Comments
1 n
7 1= A —je r?d6 used with correct
ALT Area=—j62(1+tan9)sec 0do B1 270
2 0

integrand, correct limits and d&. All
seen here

t=tang Valid method using ¢ = tanf to
dt = sec?0do n
1 M1 integrate kjoﬁ (1+tand)sec*0do .
Area = Ioﬁ(1 +t)(1 +t2)dt Condone lack of or wrong limits
a1
Area= [V (1+1+¢% +1%)dt
0 ] A1 Correct Integration. Condone lack
Nl of or wrong limits
el lp e
2 3 4 |
A1 Correct limits, seen at any point
Pl correct substitution
Area— [LQ(LT +1[;f +1(;ﬂ
3 2(4J3 3 V3 4\ /3
J_ \/_ \/_ \/_ A1 Can score BO MMA1A1A1
_ 21+4043
108
Question 7 Total 5

12
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Q Answer Marks Comments
0= k-1 -1
M1 Sets determinant =0 and attempts
k-3 -1 1 to expand
=2(k=1-1)+(1+k=3)+3{-1-(k—1)(k-3)}
0=3k —6-12+12k — 3k?
Obtains a correct quadratic
_ 2
= _3k%+15k 18 B1 | expression
0=k*-5k+6
k=2 or k=3 A1 Obtains correct values of k
3
Q Answer Marks Comments
8b)i) | 2x -y 3z = 1 (I
(B)(D) _ Correct system of equations in the
x 2y -z = 3 (D) B1 -
case k=3
-y +z = 1 (I
(I)_2(H) = -5y +5z = -5 Eliminating one variable in order to
_ M1 compare two simultaneous
5(Il) = -6y +5z = 5 equations
(Inconsistent) no solutions A1 From comparing correct equations
3
Q Answer Marks Comments
. . , Must come from correct working in
8(b)(ii) | Three planes form a (triangular) prism E1 .
part (b)(i)
1
Question 8 Total 7

13
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Answer Marks Comments
% = cos?0 —sin%0
dé
dy :
—— = 2sinfcost B1 Correct expression for & and 4
do do
2 2 .
Correctly expands their
(Ej + (d_yj = cos*0 — 2sin0cos?0 +sin*0 2 2
do do M1 ( dx J N ( dy j
+4sin®fcos?6 do do
2 2
(ﬂj + (d_y] = cos*d +2sinOcos? +sin*0 2 2
o & 2]~
o g2 A1 do do
= (cos 6+ sin 0) .
from correct working
=1
i Their correct integrand, with 2nt, d@
p— H 2 ) H
§= 2“.'.06 sin“g x1dg B1ft and correct limits. All seen here
=n[®(1-cos20)d0 M1 | Use of 2sin?0 =1-cos26
_ X
. M1 Correctly integrating & (1+co0s20)
L 2 do
_n 1 \/5_ Correct use of limits in an expression
= [ (n—
e 2 o M1 of the form k(60 +4sin26)
= %[ZR - 3\/§j| A1 CSO - form of answer given
Question 9 Total 8

14




MARK SCHEME — INTERNATIONAL A-LEVEL FURTHER MATHEMATICS — FM0O3 — JANUARY 2025

Q Answer Marks Comments
b
10(3) ) Use of Za—7
(ﬁ—d)“‘ﬁ“‘(ﬁ"‘d)"‘(ﬁ"‘Zd):T M1 with arithmetic sequence structure.
If a,a+d,a+2d,0+3d
4p+2d =2
4+6d =2
Condone -2 instead of 2
c
Use of ) af=—
-21
—=(p-d)p+(B-d +d a
1 ('B )ﬂ ('B )('B ) with arithmetic sequence structure.
+(B-d +2d )+ +d
+;ﬂ(ﬂ+)2(dﬂ)+(ﬂld§((§+2c3) M1 If o,a+d,0+2d,a+3d
) , —21=6a° +18ad +11d?
—21=64"+6pd —d Condone +21 instead of —21
A1 Obtains two correct, simultaneous
equations
Eliminates one variable to get a three
) term quadratic equation
104 -104-20=0 M1 If a,a+d,a+2d,0+3d
1002 =100 —200 =0
Finds correct # and d
p=2,d=-3or f=-1,d=3 A1 If a,00+d,o0+2d,00+3d
oa=5d=-3ora=-4,d=3
a=5 o=-4
=2 =1
p or p A1 Correct values of a, f, Y and o
y=-1 y=2
0=-4 0=5

15
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Q Answer Marks Comments
10(b) _T=5><2><—1+5><2><—4 Use of ZGWZ% and their roots to
+5X —1x -4 +2%x-1x -4 M1 get a value of p
p=22 Condone p instead of — p
9 _5xox_1x—4 Use of afyo :2 and their roots to
1 M1
~ 40 get a value of ¢
1 Condone —¢q instead of ¢
p=22 A1 Obtains the correct values of p and
q =40 q
If 0/3 scored SC1 for writing
p= —Z afly and g =afyd
3
Question 10 Total 9

16
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Q Answer Marks Comments
11(a) 6 0.5
rn=7|t4 2 B1 Correct general point for L,
5 -1
8 -3 Correct general point for L,
r, wltul 2 B1 Condone same parametric variable as
6 i used for L,
6 0.5 8 -3
71+ 2 |=|w|tu| 2
5 -1| |6 1
X
0.54+3u=2 Uses x and z general points to form
Z M1 a pair of simultaneous equations in
two different parametric variables
A+ u=-1
1=-2 u=1 A1 Correct values for the parametric
g variables
y
7—2x2=w+1x2 A1 Correct w
w=1
5
Q Answer Marks Comments
11(b) 05] [-3
n=| 2 x| 2 M1 Vector product of their direction
] ) vectors from part (a)
Forms the scalar product of multiple
8 6 of their normal vector and a position
d=|5 |e|7|=153 M1 vector of a point in 11
14 5 Condone use of a point on either of
their lines
8
rel 5 =153 A1 A correct equation of II, in the
14 specified form.

17
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Q Answer Marks Comments
153=|-3+50 |.| 5 M1 Substitutes equation of perpendicular
1+140 14 line from P to II into equation of II
=40+646 -15+250+14+1960
Correct parametric variable
o= 2 A1l 41 33
5 Pl|—,-1,—
5 5
, 4 M Doubles their parametric variable
— Pl PO =2 PM
_ﬂ_
5 "
Q=| 1 IN Correct position vector of Q
61 Condone coordinates
|5 ]
4
Q Answer Marks Comments
1M(c)(ii) | o 8 Uses a correct method to find the
= 5 M1 required distance.
S 14 Eg their o xn
2
E\/285 A1 CAO
2
Question 11 Total 14

18
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Q Answer Marks Comments
12 Auxiliary equation MA Finds solutions to the correct auxiliary
m*—m-2=0 m=-1,2 equation
[yep =] Ae™+Be* A1 Correct CF
Particular Integral
[yp1=] Ccosx+Dsinx+ Exe™* B1 Correct particular integral
[y|;| :] —Csinx+ Dcosx + Ee™* — Exe™™” - Obtains first and second derivatives of
[ygl =:| —Ccosx — Dsinx—2Ee™™ + Exe™ their yp
(—Ccosx —Dsinx—2Ee™" + Exe ™ )
_ (—Csinx + Deosx + Ee™™ — Exe*x) Substitutes their first and second
M1 derivatives of yp, into DE and
-2 (Ccosx + Dsinx + Exe™™ ) attempts to compare their coefficients
=6e *—10cosx
cosx sinx Forms a pair of simultaneous
. B M1 equations from their coefficients of
3C+D=10 C-3D=0 cosx and sinx
C=3D=1 A1 Correct coeﬁ|0|ent§ of cosx and sinx
from correct equations
e—x
B1 Correct coefficient of xe
E=-2
General Solution
[f (x) 2] Ae™™ + Be?* +3cosx +sinx
—2xe "
['(x)=]-Ae™* +2Be** —3sinx +cosx M1 Differentiates their f(x), but must
—2e X +2xe ¥ have exactly two arbitrary constants
A+B=7 Uses given conditions to form a pair
M1 of simultaneous equations for their
—A+2B =2 two arbitrary constants
A=4,B=3 A1 Correct values for A and B, from
correct equations
Question 12 Total 12

19




MARK SCHEME — INTERNATIONAL A-LEVEL FURTHER MATHEMATICS - FM03 — JANUARY 2025

Q Answer Marks Comments
. M=4(3-k-2)-(1-2k—-4)—-(k+1)(1-6
13(a)(i) M|=4( )= )=(k+1)(1-6) M1 Obtains a linear expression for |M|
=12+3k
k+-4 A1 Correct restriction on k
2
Q Answer Marks Comments
13(a)(ii) | Cofactor matrix
M1 At least three entries correct
1-k 3+2k -5
—-2_ + —
2-k 6+2k 2 A1 At least six entries correct
5+4k -9-5k 11
A1 All nine entries correct
Inverse matrix M~
M1 Transpose of their cofactors with no
1-k —2_k 5+4k more than one further slip and
1 . 41 |32k 642k —9-5k division by their M| in terms of &
(4+k) 5 11
A1 Correct M~

20
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Q Answer Marks Comments
13(b) [ x| 1 1-k —2—-k 5+4k 4
y|=——|3+2k 6+2k -9-5k||3
3(4+k)
| Z | | -5 -2 11 |1
E3 1 [ 4—4k—6-3k+5+4k | - . 4
y|= 12+8k +18+ 6k —9—5k M1 Multiplies their M™ " onto | 3 | to
3(4+k) 1
z -20-6+11 _ o
o - - form a single unsimplified vector
A1ft A“:_I?ast 2 entries correct for their
x= 1-k , Y= 7+3k, 7= __5 A1 Correct and fully simplified
4+k 4+k 4+k
3
Question 13 Total 10

21
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Q Answer Marks Comments
14(a) | z—z"=2isind B1 Stated or used
(2—2_1)6226—6z4+1522—20 _1\6
M1 Expands (z—z )
+1522 624 +27°
. . \6 . _
(2ising)” =2z°+27° —6(24 +z 4) Forms a correct equation for sin®
A1 _1\6
+15(22 +z_2)—20 and expanded (z—z 1)
z"+z7" =2cosnb B1 Stated or used forn =2, 4 or 6
_64sin%0 = 2c0s66 — 6 % 2cos4 RHS of previous line collected and
M1 z"+z7" =2cosnf used forn =2, 4
+15%2c0s26 — 20 and 6
1
sin6<9=3—2(—00869 +6cos46 —15c0s260 +1 0) A1 Correct answer from correct working
6
Q Answer Marks Comments
14(b) Igsin60 do = i —lsin6(9 +§sin40
0 32| 6 4 Integrates their answer to part (a)
M1 correctly, provided all terms in
—1—55in20+109}6 integrand are of the form cos(n0)
2 0
A1 Correct integration
[ 10433 15, 43 10n
32( 6 2 2 2 2 6
1 51 Correct answer in the requested form,
= —(—3\/§+—j Al convincingly done AG
= —(5n —9\/5)
3
Question 14 Total 9

22
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Q Answer Marks Comments
2x+5 Dividing by cosx to obtain
15(a) | 24 - g by
(a) ytanx 2775 M1 Standard Eorm
- [tanxdy _ jnsecy) M1 Their |.F identified and integration
I.LF.i attempted
=secx A1 Correct integrating factor
2¢+5 Multiplying both sides of the
ysecx = j(z—)dx m1 Standard Form by their I.F and
x“+4x+5 integrating LHS to get yxI.F
Splits RHS integrand into form
2x+5 2x+4 1 '
2 - 2 3 T3 M1 £'(x) + A
x“+4x+5 x"+4x+5 x"+4x+5 f(x) f(x)
2x+4 1
yserzj(zx—]derj ——— |dx
x“+4x+5 (x+2) +1
Integrates 2x+ to get
+
j(zz"—4jdx=|n(x2+4x+5) A1 x* +4x+5
XTH4x+S In(x2+4x+5)
1 1 Completes the square in the
2 - 2 M1 ; %
+4x+ denominator of
x“+4x+5 (x+2) +1 f(x)
Integrates 5 to get
1 -1 (x+2)" +1
j — |[dx=tan"" (x+2) A1 1
(x+2)" +1 Atan™" (x+2)
Condone lack of +c¢
[f(x) =] cos;c{ln(x2 +4x+5) +tan™'(x +2) +c} A1 Correct GS

23
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Q Answer Marks Comments
o -1
15(b) | tan~'(2)=In(5)+tan""(2)+c Substituting y =tan™" (2) and
c= —In(5) M1 x =0 into their GS (with a constant
of integration) to find a value of ¢
_ { 2 -1
y=cosx In(x +4x+5)+tan (x+2)—|n(5)}
2 44x+5 » A1 Correct PS ACF, mustbe y=---
=cosx{In — +tan™' (x+2)
2
Question 15 Total 11

24




